The dynamical evolution of spherical and spheroidal systems of mass points is examined with the aid of the scalar and the tensor forms of the virial theorem. Spherical systems with positive total energy tend to disperse to infinity while those with negative total energy execute periodic oscillations of finite amplitude. Spheroidal systems with positive total energy exhibit expansion like the spherical systems ; but they also become less oblate (and sometimes actually become prolate) if they are initially oblate, and less prolate if they are initially prolate. Spheroidal systems with negative total energy collapse to smaller volumes while enhancing their initial oblateness or prolateness.
I. INTRODUCTION
The most common (if not the sole) application of the virial theorem to stellar dynamics has been for the purposes of estimating the kinetic energy, ®, of a group (' cluster ') of stars (or galaxies) from their dimensions. The basis of this estimation is, of course, the relation 2® + t®t =0
(1)
provided by the scalar form of the virial theorem under stationary conditions. The gravitational potential-energy ÜSt that occurs in equation (1) is, in practice, estimated from a dimensional relation of the form
where R is some average measure of the linear dimension of the system and M is its mass. In this paper we shall outline some other elementary applications of the nonstationary form of the virial theorem (in both its scalar and tensor forms) to suggest the scope of its applications that remains to be exploited.
THE VIRIAL THEOREM
For a system consisting of a number {N) of discrete mass-points (or particles) under their mutual gravitational attractions, the tensor form of the virial theorem takes the standard form (cf. Chandrasekhar 1964) î-^=2®y + « y)
I a = Yu mWxiWxjW, == hY m^UiWujW, 
In equations (4) and (5) 
<g = %+m (7) is the total energy of the system that remains constant.
In applying the virial theorem to a system of particles described statistically in terms of a density distribution p(x)> the common procedure is to use the same equations (3) and (6) altering only the definitions of 7^, and Wy as sums to integrals; thus, 7^ and m tj = p(x)p(x') dx dx'.
= J pxtXj dx, ~ 2 j p u ¿Uj dx y
But this procedure is not strictly justified. For, if one wishes to describe a stellar system in terms of distribution functions, then one must start with an ensemble of systems described by a density function /W (xa>, x(2>, . . . , xW; u(i>, u<2) , . . . , uW; t)
defined in the six iV-dimensional phase space of the system and consider the hierarchy of equations that one obtains by integrating the Liouville equation governing/W over the coordinates and velocities of all particles except a particular one, of all particles except a particular pair, and so on. And whatever integral relation one uses must be a consequence of this hierarchy of equations. Equation (3) with the definitions (8) and (9) is not such a consequence. However, the correct generalization of equation (3) to stellar dynamics has been derived in an earlier paper (Chandrasekhar & Lee 1968) . Thus, by separating the ' mean ' (IF 1 )) from the ' peculiar * (v* 1 )) velocities in the manner Ui a) = Vid) + <^a)> = v^d) + C/^d), (I I) and defining a pressure tensor Pyd) by the relation
(where ; t) is the one-particle distribution and the angular brackets denote ensemble averages), the following integral relation was derived: TOT =2^ + 110 + «^ (13) where lij = m j nWxiWxjW dxW,
and ^(x^1), x^2); t) is the two-particle distribution defined by
In deriving the foregoing equations the further simplifying assumption has been made that all the particles have the same mass m. From equation (15) it is clear that it is only when we ignore the two-particle correlations and assume that n a, 2) = _L M (l)(x(l) ; t) m(1)(x(2) ; t), 
and
And these last equations are equivalent to equations (3), (8) and (9) only if we ignore two-point correlations and assume that pd' 2)(x(D, x< 2 >; t) = piDixd), t) p(V(xM, t).
In Sections 3 and 4 which follow, the two-point correlations will be ignored and the analysis will be based on equations (3) and (6) together with the definitions (8) and (9). In Section 5 a first attempt will be made to include the two-point correlations.
Suppose that at some initial instant, a cluster is characterized by a certain moment of inertia and kinetic and potential energies. The evolution of such a cluster, while it must be consistent with equation (6), it cannot, of course, be uniquely determined by equation (6). On the other hand, if we choose to describe the cluster ' grossly ' by a certain linear size, then it would be proper to inquire how this size changes with time. Such a description can, at best, give one only the crudest indication of what might happen. The following analysis based on equation (6) is undertaken with the hope that even crude inferences concerning the evolution of isolated clusters (of stars or galaxies) are of some interest.
In the spirit of the foregoing remarks, it should not also matter (within limits) how we choose to describe the internal distribution of density in the cluster. Accordingly, to be specific, we shall choose a spherically symmetric cluster of N equal mass-points with a gaussian distribution of density = ex P (~r 2 l a2 )> ( 22 ) where a = a(t) is a measure of the radius of the cluster. For clusters in which the distribution (22) continues to be maintained (by assumption!) equation (6) leads to the following differential equation for a:
It should be noted here that if instead of a gaussian distribution, we had assumed a homogeneous distribution inside a sphere of radius a, we should have obtained an exactly similar equation with only somewhat different numerical coefficients; and the equation will be identically the same in the non-dimensional form given below (equation (25)). The particular assumption (22) is therefore not an essential one so long as we assume that the evolution proceeds homologously.
Letting a = a Q z (24) where a^ is the value of a at some time to be specified later and measuring time 
At this point it is convenient to distinguish systems with positive or negative total energies.
(a) Systems with positive total energies
In this case, suppose that 1 dz a = «o, z -1 and = o dt at time (29) Then equation (28) can be written alternatively in the form
The required solution of this equation is
and for the particular case Q = 0, the solution is
The variations of z with t that follow from equations (31) and (32) are illustrated in Fig. i for various initially assigned values of 0. As might be expected, the solutions show that systems with positive total energy are eventually dispersed. 
where A 2 is now the constant of integration. The solution of equation (33) is (34) if we ignore an inessential arbitrary constant defining the origin of t. The solution (34) makes it manifest that when the total energy of the system is negative, it executes periodic oscillations of finite amplitude. The period and the amplitude of the oscillation are given by 
The requirement that z ^ o (by definition) implies that
It can be verified that the critical value A = i/zQ corresponds to the system having a vanishing kinetic energy when t = o and z = i/Q; that under these circumstances the system should collapse to a point-as it does after a time t = tt/zQ 3 / 2 -is to be expected.
The variation of # ( = a/ao) during a half-period of oscillation is illustrated in Fig. 2 for a number of selected values of Q and A.
THE DYNAMICAL EVOLUTION OF A SPHEROIDAL SYSTEM
The analysis of Section 3 applies to the case when a single linear dimension provides an adequate description of it. We now turn to the slightly more general case when the cluster departs so much from even a gross spherical symmetry that at least two linear dimensions are required to describe it. Under these circumstances it might suffice to idealize the system as being homogeneous and spheroidal (either oblate or prolate).
We shall suppose then that we are given a system that is initially homogeneous and spheroidal with semi-axes ai> a<¿ ( = #i), and a% (which is not necessarily the least axis) and a given total energy (B. We shall further suppose that the distribution of velocities is (locally) isotropic so that
On these assumptions
No. 4, 1972 Applications of the virial theorem to stellar dynamics 441 (42) (43) where Ai and Az are the ' index symbols ' defined in the theory of the gravitational potential of ellipsoids (ef. Chandrasekhar 1969, Section 21) . The values of A\ and Az are explicitly known in the case of spheroids (cf. Chandrasekhar 1969, p. 43, equations (36) and (38)).
With the values of 'mn and 'mss given by equations (42) and (43), equations (40) and (41) we find that equations (44) and (45) Equations (48) and (49) The derived solution curves are exhibited in Figs 3, 4 and 5 where it should be noted that y > o corresponds to oblate spheroids while y < o corresponds to prolate spheroids. An examination of these solution curves reveals the following features.
Consider first the evolution of systems with positive total energy. The series of integrations for 0 = i*o and jyo =0*9, 0-5, and 0*2 shows that these objects which are initially oblate eventually become prolate (see Fig. 3) ; and while the eccentricity in all these cases appears to tend to a finite limit the object itself grows considerably in size (see Fig. 4 ). It will be observed that in all these three cases, the variations of z { = tfi 2 /<zo 2 ) with time are so nearly the same that they cannot be distinguished in the scale of Fig. 4 . For the same value of 0 ( = 1 *o), if the object is initially prolate (jo = -0-2) it evolves towards a less prolate and a more spherical shape as it grows in size (see Figs 3 and 5 ).
For the case ¡2 = 0*5, jo == °* 2 > the behaviour is essentially the same as for Q = i*o, jo =0*2 except that the object continues to remain oblate though of considerably reduced eccentricity (see Figs 3 and 5) . Considering next the integrations for systems with negative total energy (Q = -o-$, yo = ±o-2 and Q = -1 • o, jo = +0*2) we observe (see Fig. 3 ) that an object which is initially oblate becomes increasingly more oblate while No. 4, 1972 Applications of the virial theorem to stellar dynamics an object which is initially prolate becomes increasingly more prolate. This last result is in agreement with an earlier investigation of Lin, Mestel & Shu (1965) in which the collapse of an object initially at rest with zero kinetic-energy is considered. For the case Q = -0*5 the increase in the oblateness or prolateness is not accompanied by any substantial changes in the length of the ( = ¿J2)-axis. But in the case Q = -1 • o, jo = + o • 2, the increase in the oblateness is accompanied by a substantial decrease in a\ { = af).
A SEMI-EMPIRICAL ALLOWANCE FOR TWO-POINT CORRELATIONS
As we have noted in Section 2, the allowance for two-point correlations in the present context modifies only the expression for the potential energy. And we shall try to allow for it in a semi-empirical fashion by assuming that
where k: is a constant and k is a measure of the correlation length. On this assumption, we may define a correlation potential (of the Yukawa form) we find that (61) where r, a> and R (the radius of the sphere in case i) are all measured in the unit i/k and
is the error function. The corresponding expressions for the correlation energy are
(case i) (63) Fig. 6 . The correlation energy for clusters with homogeneous and gaussian distributions of density for a Yukawa-type potential. The abscissa measures^ in units of the correlation length, the radius R {in the case of a homogeneous cluster) and the mean radius a {in the case of a cluster of gaussian distribution). The ordinate gives the ratio of the correlation energy to the Newtonian potential energy.
No. 4, 1972 Applications of the virial theorem to stellar dynamics 447 and x [1 -<D(# + |tf)] dx (case ii), (64) where tHisr denotes the Newtonian potential energy (without correlations) in the two cases. Fig. 6 exhibits the functions WLcohJWín defined by the foregoing equations.
The effect of the correlation energy on the finite amplitude oscillations of spherical systems considered in 3(b) has been examined on the assumptions that K in equation (55) is o-i and that a and ijk are equal and remain equal during the oscillation. The results of these new calculations are contrasted with those of Section 3(b) in Fig. 7 . It will be observed that the qualitative features of the solution are not affected. 
